Abstract. By examining commensurators of virtually cyclic groups, we show that for each natural number n, any locally finite-by-virtually cyclic group of cardinality ℵn admits a finite dimensional classifying space with virtually cyclic stabilizers of dimension n + 3. As a corollary, we prove that every elementary amenable group of finite Hirsch length and cardinality ℵn admits a finite dimensional classifying space with virtually cyclic stabilizers.
Introduction
A classifying space of a discrete group G for a family of subgroups F is a terminal object in the homotopy category of G-CW complexes with stabilizers in F (see [17] ). Such a space is also called a model for E F G. Even though a model for E F G always exists, in general, it need not be finite dimensional. When F is the family of virtually cyclic subgroups of G, E F G is denoted by EG. Questions concerning finiteness properties of EG, such as whether for a given type of group G there exists a finite dimensional model for EG, have been particularly motivated by Farell-Jones Isomorphism conjecture (see [4] and [3] ). More recently, this area has gathered interest on its own.
Finite dimensional models for EG are known to exists for several interesting classes of groups: e.g. word-hyperbolic groups (Juan-Pineda, Leary, [8] ), relative hyperbolic groups (Lafont, Ortiz, [7] ), virtually polycyclic groups (Lück,Weiermann, [15] ) and CAT(0)-groups (Lück, [12] ).
In a recent preprint [5] , Fluch and Nucinkis ask whether an elementary amenable group Γ of finite Hirsch length has a finite dimensional model for EΓ. They give a positive answer to this question in the case where Γ has a bound on the order of its finite subgroups. From the structural results of Hillman and Linnel (see [6] ) and Wehrfritz (see [18] ) it follows that every elementary amenable group of finite Hirsch length Γ is locally finite-by-virtually solvable where the virtually solvable group has a further decomposition. Using this structure, Fluch and Nucinkis reduce the problem to torsion-free nilpotent-by-torsion-free abelian groups, and prove that these groups admit finite dimensional classifying spaces with virtually cyclic stabilizers.
In order to solve the problem for arbitrary elementary amenable groups of finite Hirsch length, one needs to show the existence of finite dimensional models for classifying spaces with virtually cyclic stabilizers of locally finiteby-virtually cyclic groups.
Let us denote the minimal dimension of a model for EG by gd(G). We prove Theorem A. Let Γ be a group of cardinality ℵ n , for some natural number n. Suppose Γ is an extension of an infinite locally finite group by a virtually cyclic group. Then n + 1 ≤ gd(Γ) ≤ n + 3.
The proof of this theorem relies on a push-out construction of Lück and Weiermann and a careful analysis of the structure of commensurators of virtually cyclic subgroups inside torsion-by-infinite cyclic groups.
By applying Theorem A together with the cited results on torsion-free nilpotent-by-torsion-free abelian groups and elementary amenable groups of finite Hirsch length, we obtain Theorem B. Let Γ be an elementary amenable group of finite Hirsch length h and cardinality ℵ n , for some natural number n. Then there exists a function f : N → N and a finite dimensional model for EΓ of dimension at most f (h).
Preliminaries
Let G be a discrete group and let F be a family of subgroups of G, i.e. a collection of subgroups of G that is closed under conjugation and taking subgroups. A classifying space of G for the family F is a G-CW-complex X defined by the properties that X H = ∅ when H / ∈ F and X H is contractible for every H ∈ F.
A classifying space of G for the family F is also called a model for E F G. It can be shown that a model X always exists and that it satisfies the following universal property: if Y is a G-CW-complex such that all its stabilizer groups are contained in F, then there exists a G-equivariant map Y → X that is unique up to G-homotopy (e.g. see [11] , [17] ). Note that this universal property implies that X is unique up to G-homotopy. Equivalently, one could also say that a classifying space of a discrete group G for a family of subgroups F is a terminal object in the homotopy category of G-CW complexes with stabilizers in F (e.g. see [13] ).
The smallest possible dimension of a model for E F G is called the geometric dimension of G for the family F and denoted by gd F (G). When a finite dimensional model does not exist, then gd F (G) is said to be infinite.
If K is a subgroup of G, we can consider the family 
A general scheme to construct a model for E F G is to start with a model for E H G where H is a subfamily of F, and then try to adapt this model to obtain a model for E F G. A nice example of such an approach is a construction of Lück and Weiermann (see [15, §2] ), which we will use here.
Let G be a discrete group and let F and H be families of subgroups of G such that H ⊆ F and such that there exists an equivalence relation ∼ on the set S = F H that satisfies the following properties If there exists a natural number n such that for each
An important algebraic tool to study the equivariant cohomology and finiteness properties of classifying spaces for families of subgroups is Bredon cohomology. Bredon cohomology was introduced by Bredon in [1] for finite groups and has been generalized to arbitrary groups by Lück (see [9] ). Let us recall some basics of the theory.
Let G be a discrete group and let F be a family of subgroups of G. The orbit category O F G is a category defined by the objects that are the left cosets G/H for all H ∈ F and the morphisms are all G-equivariant maps between
The category of O F G-modules is denoted by Mod-O F G and is defined by the objects that are all the O F G-modules and the morphisms are all the natural transformations between the objects. It can be shown that Mod-O F G contains enough projective and injective objects to construct projective and injective resolutions. Hence, one can construct bi-functors Ext
that have all the usual properties. The n-th Bredon cohomology of G with
where Z is the constant functor. There is also a notion of cohomological dimension of G for the family F, denoted by cd F (G) and defined by
Since the augmented cellular chain complex of any model for E F G yields a projective resolution of Z that can be used to compute H * F (G, −), it follows that cd F (G) ≤ gd F (G). In fact, Lück and Meintrup show that an even stronger result holds. . Let G be a group and let F be a family of subgroups, then
Hence, to show that there exist a finite dimensional model for E F G, it suffices to show that the Bredon cohomological dimension of G for the family F is finite.
We finish this section with some notational conventions.
Notation 2.4.
-If a 1 , a 2 , . . . , a n are elements of some group G, then n i=1 a i denotes the product a 1 a 2 . . . a n in that specific order.
-By N 1 , we denote the set of natural numbers without the number zero. -If t is an element of some group G, then t is the cyclic subgroup of G generated by t. All infinite cyclic groups will be written multiplicatively with unit 1. The unit element of a group that is not infinite cyclic will be denoted by e. -If G is a group and C = t is an infinite cyclic group generated by t, we say that a semi-direct product G ⋊ C is determined by ϕ ∈ Aut(G) when (e, t)(g, 1)(e, t −1 ) = (ϕ(g), 1) ∈ G ⋊ C for all g ∈ G and denote it by G ⋊ ϕ C. -Let G be a group and let F be a family of subgroups. If F is the family of finite (virtually cyclic) subgroups then E F G, gd F G and cd F G be will denoted by EG (EG), gdG (gdG) and cdG (cdG), respectively.
The structure of commensurators
In this section, we shall describe the structure of commensurators of infinite virtually cyclic groups in torsion-by-Z groups. We start with the following elementary but for our purposes indispensable property of infinite virtually cyclic groups.
Lemma 3.1. Let H be an infinite virtually cyclic group and let L 1 and L 2 be two infinite virtually cyclic subgroups of
Proof. By definition H has an infinite cyclic subgroup C of finite index. Let t be a generator for C and let {x 1 , . . . , x n } be a set of coset representatives of H/C. Because L 1 is infinite virtually cyclic, it has an element x of infinite order. It is clear that for each p ∈ N 1 , there exists an integer j p and an element x ip ∈ {x 1 , . . . , x n } such that x p = x ip t jp . Because there are only finitely many possibilities for i p , there exist m, n ∈ N 1 such that n > m and i n = i m . It follows that x n t −jn = x m t −jm , and hence x n−m = t jn−jm . This implies that L 1 has an infinite cyclic subgroup C 1 = x n−m contained in C. Similarly L 2 has an infinite cyclic subgroup C 2 contained in C. But it is clear that the intersection of two infinite subgroups in an infinite cyclic group is always infinite, hence
This completes the proof. The commensurator of a subgroup H of a group Γ is by definition the group
However, when H is an infinite virtually cyclic subgroup of Γ then one can verify that
Let Γ be a torsion-by-Z group. Then Γ has a torsion normal subgroup G such that Γ/G is infinite cyclic. Hence, we have a split short exact sequence
such that multiplication in Γ is given by (a, t n )(b, t m ) = (aϕ n (b), t n+m ), for some fixed ϕ ∈ Aut(G). This splitting of Γ into a semi-direct product will be referred to as the t-splitting of Γ.
Let us denote the set of infinite virtually cyclic subgroups of Γ by S. As in definition 2.2. of [15] , we say that two infinite virtually cyclic subgroups H and K of Γ are equivalent, denoted H ∼ K, if |H ∩ K| = ∞. Using Lemma 3.1, it is not difficult to check that this indeed defines an equivalence relation on S. One can also easily verify that this equivalence relation is a strong equivalence relation. Now, suppose H is an infinite virtually cyclic subgroup of Γ. We are interested in the structure of Comm Γ [H] . The following simple lemma shows that H can be assumed to be infinite cyclic. Lemma 3.2. If H and K are two equivalent infinite virtually cyclic subgroups of Γ, then their commensurators coincide. In particular, the commensurator of an infinite virtually cyclic subgroup H of Γ is the commensurator of any infinite cyclic subgroup of H.
Proof. Suppose H and K are two infinite virtually cyclic subgroups of Γ such that
The second statement follows from this by noting that any element of S is equivalent to any of its infinite cyclic subgroups.
The next lemma describes the structure of commensurators of infinite cyclic groups inside torsion-by-Z groups.
Lemma 3.3. If H is an infinite cyclic subgroup of Γ, then Comm Γ [H]
contains an infinite cyclic subgroup K = (a, t k ) of Γ such that H ∼ K and such that there is a commutative diagram with split exact rows
where the vertical maps are inclusions,
n,k gα n,k }, and α n,k = n−1 i=0 ϕ ik (a). Proof. Let us view Comm Γ [H] as a subgroup of Γ where Γ is given by the t-splitting. Clearly, π(Comm Γ [H]) = t k for some k ∈ N 1 and the kernel of π |Comm Γ [H] is a torsion group, which we denote by T . Now consider an element (a, t k ) ∈ Comm Γ [H] ⊆ Γ and denote it by s. Then Comm Γ [H] can be written as a semi-direct product T ⋊ s determined by some θ ∈ Aut(T ). Denoting β n,m = n−1 i=0 θ im (h), the equation above implies that θ(β n,m ) = β n,m . From this it follows that (β n,m , s mn ) k = (β k n,m , s mnk ) for each k ∈ N 1 . Since β n,m has finite order, there exists r ∈ N 1 such that (β n,m , s mn ) r = (e, s mnr ). We conclude that
hence H = (h, s m ) ∼ (e, s) := K. As a subgroup of Γ, K is generated by (a, t k ). Thus, we have found a infinite cyclic subgroup K = (a, t k ) of Γ such that H ∼ K and such that 
. By considering the t-splitting of Γ and recalling that K = (a, t k ) under this splitting, we find that given g ∈ G, then g ∈ T if and only if (g, 1)(a, t k ) n (g −1 , 1) = (a, t k ) n for some n ∈ N 1 . Since (a, t k ) n = (α n,k , t kn ) for α n,k = n−1 i=0 ϕ ik (a), it follows that given g ∈ G, then g ∈ T if and only if ϕ nk (g) = α 
where the vertical maps are inclusions and
and α n,k = n−1 i=0 ϕ ik (a). Now, let us consider the group Comm Γ [H] in the diagram above, and view it as a semi-direct product via the s-splitting determined by the element s := (a, t k ). It follows that Comm
This proves part (a) of the proposition. Suppose V is an infinite virtually cyclic subgroup of Comm Γ [H] and let S be an infinite cyclic subgroup of V . We want to show that V ∼ H. By Lemma 3.2 and the fact that H ∼ K, this is equivalent to showing that S ∼ K. Under the s-splitting of Comm Γ [H], S is generated by some element (g, s m ) and K is generated by (e, s). By part (a), there exists n ∈ N 1 such that θ n (g) = g. s mnp ) . This implies that S ∼ K and finishes the proof of part (b).
Proofs of Theorems A and B
Throughout this section let n be a fixed nonnegative integer. We begin by determining an upper bound for gd(Γ).
Lemma 4.1. Let Γ be a locally finite-by-virtually cyclic group of cardinality ℵ n . Then gd(Γ) ≤ n + 2.
Proof. We have a short exact sequence
where G is locally finite of cardinality ℵ n and V is virtually cyclic. Let us denote by F the family of finite subgroups of Γ, and denote by V the family of finite subgroups of V . Now, we define the family
of subgroups of Γ. Note that F ⊆ H. Let X be a model for E V V . By letting Γ act on X via π, it follows that X is also a model for E H Γ. This, together with Proposition 4 of [8] , implies that gd H (Γ) ≤ gd V (V ) ≤ 1. Note that each group in H is locally finite of cardinality at most ℵ n . It therefore follows from Theorem 2.6 of [2] that gd F∩H (H) = gd(H) ≤ n + 1 for all H ∈ H. Proposition 5.1(i) of [15] now shows that gd(Γ) ≤ n + 2. Definition 4.2. We say that a semi-direct product group G ⋊ ϕ Z is locally bounded if for each g ∈ G, there exists some n ∈ N 1 such that ϕ n (g) = g.
The following proposition determines gd(G ⋊ ϕ Z), when G ⋊ ϕ Z is locally bounded. Proposition 4.3. Let G be an infinite locally finite group of cardinality ℵ n and assume that G ⋊ ϕ Z is locally bounded. If a group Γ contains G ⋊ ϕ Z as a subgroup of finite index, then Γ is a directed union of its virtually cyclic subgroups and gd(Γ) = n + 1.
commutes and the vertical maps are inclusions. The set {H S | S ∈ P f in (G)} ordered by inclusion is a directed set of virtually cyclic subgroup of G ⋊ ϕ Z, because H S 1 and H S 2 are both contained in H S 1 ∪S 2 . Since every element of G ⋊ ϕ Z is contained in some H S , it follows that G ⋊ ϕ Z is the directed union of the virtually cyclic groups H S for all S ∈ P f in (G). One can therefore conclude that the family of finitely generated subgroups of G ⋊ ϕ Z coincides with the family of virtually cyclic subgroups. Now, by Theorem 5.31 of [15] , we have that gd(G ⋊ ϕ Z) ≤ n + 1. Since gd(G) = n + 1 (see [2, 2.6] ) and gd(G) = gd(G) ≤ gd(G ⋊ ϕ Z), it follows that gd(G ⋊ ϕ Z) = n + 1.
Finally, let us suppose that a group Γ contains G ⋊ ϕ Z as a subgroup of finite index. We will show that Γ is locally virtually cyclic. This is equivalent with Γ being a directed union of virtually cyclic subgroups and implies that gd(Γ) = n + 1, as before.
Let K be a finitely generated subgroup of Γ. It follows that
is a finite index subgroup of K and is therefore also finitely generated. But then K 0 is virtually cyclic because G⋊ ϕ Z is locally virtually cyclic. Since K is a finite extension of K 0 it is also virtually cyclic. This shows that Γ is locally virtually cyclic.
We are now ready to prove Theorem A.
Proof of Theorem A. Recall that every virtually cyclic group is either finite, finite-by-infinite cyclic or finite-by-infinite dihedral. Hence, there exists a locally finite group G of cardinality ℵ n such that Γ is either G, G-by-infinite cyclic or G-by-infinite dihedral. If Γ is locally finite, then by Theorem 2.6 of [2] , gd(Γ) = gd(Γ) = n + 1. Now, let us assume that Γ is not locally finite. Let S be the set of infinite virtually cyclic subgroups of Γ and equip S with the equivalence relation ∼ discussed in Section 3. Recall that this is a strong equivalence relation. Denote 
We claim that there exists a model for E We can now prove Theorem B.
Proof of Theorem B. It follows from statement (g) of [18] (see also [6] Now, let us consider the short exact sequence
